
New conjecture for the SUq(N) Perk–Schultz models

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2004 J. Phys. A: Math. Gen. 37 11725

(http://iopscience.iop.org/0305-4470/37/48/013)

Download details:

IP Address: 171.66.16.65

The article was downloaded on 02/06/2010 at 19:46

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/37/48
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 37 (2004) 11725–11727 PII: S0305-4470(04)87838-7

ADDENDUM

New conjecture for the SUq(N ) Perk–Schultz models

F C Alcaraz1 and Yu G Stroganov2

1 Universidade de São Paulo, Instituto de Fı́sica de São Carlos, CP 369, 13560-970, São Carlos,
SP, Brazil
2 Institute for High Energy Physics, 142284 Protvino, Moscow Region, Russia

Received 20 July 2004
Published 17 November 2004
Online at stacks.iop.org/JPhysA/37/11725
doi:10.1088/0305-4470/37/48/013

Abstract
We present a new conjecture for the SUq(N) Perk–Schultz models. This
conjecture extends a conjecture presented in our article (Alcaraz F C and
Stroganov Yu G J. Phys. A: Math. Gen. 35 6767–87).

PACS numbers: 05.30.Fk, 02.30.Ik, 05.50.+q, 75.30.Ds

In [1] (to which we refer hereafter as I), based on numerical evidence, we present a series
of conjectures about the eigenspectra of the SUq(N) invariant Perk–Schultz Hamiltonians,
given by I.1 with p = 0. Subsequent extensive numerical work indicates that the
conjecture (3) of I (I.85) is just a particular case of a more general one, relating the ground-state
energy of different SUq(N) quantum chains. This new conjecture can be stated as follows:

Conjecture. The difference of the ground-state energy of the SUq(N) and SUq ′(K) model in
an open chain of length L is given by

E0[SUq(N), q = exp(iπK/(N + K))] − E0[SUq(K), q = exp(iπN/(N + K))]

= 2(1 − L) sin

(
π(N − K)

2(N + K)

)
, (1)

where N �= K = 1, 2, . . . and E0[SUq(1), q)] = 0. The particular case N > 1 and K = 1
gives

E0[SUq(N), q = exp(iπ/(N + 1))] = 2(1 − L) sin

(
π(N − 1)

2(N + 1)

)
, (2)

recovering the earlier announced conjecture (I.85). The results (1) and (2) give exact finite-
size corrections supporting earlier conjectures about the operator content of the Perk–Schultz
models. As is well known [2] as a consequence of conformal invariance the finite-size
corrections of the ground-state energy of critical chains with free boundary conditions are
given by

E0(L)/L = e∞ + f∞/L − πc

24L2
+ o(L−2), (3)
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where e∞ (f∞) is the ground-state energy per site (surface energy) at the bulk limit L → ∞
and c is the conformal anomaly of the effective underlying conformal field theory defined on
a semi-infinite plane. Relations (3) and (2) imply that in the case of the SUq(N) model with
q = exp(iπN/(N + 1)) the conformal anomaly has the value c = 0 for all N � 2 and

e∞ = −f∞ = −2 sin

(
π(N − 1)

2(N + 1)

)
. (4)

Moreover, all the other finite-size corrections appearing in (3) are identically zero! This
result can be understood from the conjectured operator content of the model. The conformal
dimensions of the SUq(N) model are expected to be given by a generalized Coulomb gas
description

x(�n, �m) = xp

2

N−1∑
i,j=1

niCijnj +
1

8xp

N−1∑
i,j=1

mj(C
−1)i,jmj , (5)

where C is the SU(N) Cartan matrix, and

xp = π − γ

2π
, q = eiγ . (6)

The vectors �n = (n1, . . . , nN) and �m = (m1, . . . , mn) label the possible values of the electric
and magnetic charges in the Coulomb gas representation. The possible values of �n and �m
depend on the parity of the lattice and the boundary conditions where the quantum chain is
defined. For the present case of free boundaries the conformal anomaly of the effective theory
is conjectured to be given by [3]

c = (N − 1) − 12x(�0;m1,m2, . . . , mN) (7)

with

m1 = m2 = · · · = mN = 2
γ

π
. (8)

In the case of relation (2) we should use γ = π/(N + 1) so that

xp = N

2(N + 1)
, and x(�0; 2γ /π, . . . , 2γ /π) = (N − 1)/12, (9)

and from (7) we obtain c = 0 for all N, explaining the previous result.
Expressions (1) and (3) for arbitrary values of N and K also imply the interesting relations

among the ground-state energy and surface energy in the bulk limit:

e∞

(
SUq(N), γ = πK

N + K

)
− e∞

(
SUq(K), γ = πN

N + K

)
= −2 sin

(
π(N − K)

2(N + K)

)
,

f∞

(
SUq(N), γ = πK

N + K

)
− f∞

(
SUq(K), γ = πN

N + K

)
= 2 sin

(
π(N − K)

2(N + K)

)
.

These relations can also be verified from the exact expressions e∞ and f∞ derived in the bulk
limit L → ∞ [4]. Moreover, (1) and (3) relate the conformal anomalies of distinct effective
conformal field theories

c

[
SqU(N), γ = πK

N + K

]
= c

[
SqU(K), γ = πN

N + K

]
. (10)

In fact this equality supports the conjectures (7) and (8) since both sides of the last equation
give the effective conformal anomaly

c = N2 + K2 + NK − N2K2 − K − N

24(N + K)
, (11)

for the related quantum chains.
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[4] de Vega H J and Gonzáles-Ruiz A 1994 Nucl. Phys. B 417 553


